Introduction
Microwave heating has been utilized since the 1940s [1] in different fields such as polymer and ceramics industries [2] [3] and medicine [4] [5] . However, food processing is the largest consumer of microwave energy, that can be employed for cooking, thawing, tempering, drying, freeze drying, pasteurization, sterilization, baking, heating and re-heating. In microwave heating, electromagnetic field polarizes the molecules of dielectric materials and creates dipole moments that cause these molecules to rotate. The resulting molecular friction causes heat generation in the body. Due to intrinsic heat generation capability, microwave heating can provide prompt rise of temperature within the low thermal conductive products, especially in food items. However, this technique is blamed for uneven heating since the food product processed with microwaves shows alternate hot and cold spots. This is primarily caused by the non-uniform distribution of microwave energy in the foodstuff, due to factors such as dielectric loss, penetration depth, thickness, shape and size of the sample.
Microwave heating of solid foods has been largely investigated in the last years. The energy equation is writ-ten as a conductive heat transfer with a generation term. The latter has been modeled by many authors, using two different approaches to evaluate the effects of the microwave distribution: by solving the Maxwell's equations [2] [6] [7] or by applying the Lambert's law [8] [9] . The Lambert's law is a simple power formulation that was believed to simulate temperature profiles for Cartesian geometries and for cylindrical geometries with high radius. Ayappa et al. [2] deduced the minimum value of the characteristic sample dimension to successfully apply the law for slabs; Oliveira and Franca [7] found that this value was higher for cylinders than for slabs. Finally, Romano et al. [10] correctly applied Lambert's law considering the geometry of the sample, thus finding the same field of application for both the shapes and a power concentration along the central axis for a cylindrical domain, according with the experimental observations [9] . As regards fluids, there are fewer studies and the most are about batch processes [11] [12] . The references in continuous processes instead are represented by Salvi et al. [13] and J. Zhu et al. [15] whose mathematical model considers the generation term according to Maxwell's equations. In this paper, Lambert's law has been applied, that is much less expensive in terms of time of calculus. The aim is to verify whether similar results are obtained or not.
Mathematical Model

Physical System
The physical system represented in Figure 1 is a cylindrical horizontal tube with a length L = 0.3 m and a radius R = 0.02 m in which different liquid foods are heated by microwave irradiance in the radial direction.
A laminar flow at various velocities is realized by changing the difference of pressure between the inlet and the outlet sections. Only the axial component of the velocity is different from zero and it is a function of the variable r: v z = v z (r). The temperature, even though the microwave penetration is only radial, is also function of the axial direction z by the effect of the flow field: T = T(r, z).
Transport Equations
In order to find the temperature profile, the following mathematical model has been constructed.
It consists of the following three differential equations in cylindrical coordinate system with their boundary conditions [14] 
As initial condition, the fluid is stationary.
As boundary conditions, no slipping at the wall has been assumed r z QLR Figure 1 . Representation of the cylindrical duct.
and symmetry on the axis has been considered.
As initial condition, the temperature of the fluid is assumed to be uniform
As boundary conditions for the radial direction, symmetry respect to the axis and heat convective flux at the wall have been considered.
while for the z direction uniform temperature in the inlet section and Danckwerts condition in the outlet one have been imposed.
Initial temperature T 0 and input temperature T in are both equal to environmental temperature T air . Heat generation due to microwaves has been modeled according to the Lambert's law along the radial direction of a cylindrical sample [10] :
is the loss tangent, tanδ.
The attenuation factor for each fluid has been considered as a function of temperature, calculated by interpolation starting from graphic relationships for dielectric constant and loss tangent versus temperature in a range 10˚C -90˚C [15] .
Such a system, with the equations and boundary conditions written before, results to be axial-symmetric.
Materials and Methods
To solve the previous partial differential equations, a Finite Elements Method (FEM) has been used. To practically implement this solution, COMSOL Multiphysics ® has been utilized with the following mesh features: 2049 mesh points, 3840 triangular elements, 256 boundary elements and 4 vertex elements. Figure 2 shows an example of mesh that the software uses to discretize the domain. Three fluid foods have been considered: skim milk, with a Newtonian behavior (constant viscosity), apple sauce and tomato sauce as non Newtonian fluids, modeled with a power law having different fluid consistency coefficient and flow behavior index. All the physical properties of the three fluids are resumed in Table 1 .
As ε' and ε" are temperature functions, average values have been obtained by integrating in the entire domain and in the time (range 0 -50 s). They are fundamental for microwave heating, because they determine respectively the energy absorbed and the fraction converted in heat power.
Results
It is possible to make a qualitative analysis of the results observing the following temperature maps reported in , for each fluid, for two different velocities (2 mm/s and 4 mm/s) and for two different instants of time (30 s and 50 s). They show the temperature profiles in a rz plane section of the real physical system on the left and in a 3D plot on the right. The higher heating is obtained for longer times and lower velocities. The nature of liquid also have a great influence: skim milk reaches higher temperature with a less uniform profile.
The graphs in Figures 6-8 provide a more significant analysis since they show the temperature profiles along the radial direction, obtained with the same incident power of 20,000 W·m −2 and appointing the outlet section instead of the instant of time. In this way, each fluid element has the residence time due to its velocity, which is related to its position. In these graphs all the fluids show a minimum (cold spot) located at about half the radium. This is the sum of two effects: Lambert's law that predicts a different heating along the radial direction and the flow field that produces different residence times inside the tube. In particular, near the axis (r = 0) the velocity is higher and so the residence times are lower, but according to the Lambert's law, the power density is maximum by effect of the term R/r; conversely, near the wall (r = R) the velocity is lower and the times of exposition to the microwaves are higher, but the Lambert's power density undergoes the effect of the exponential decay. These are opposite effects and their combination produces the previous profiles, with higher temperatures on the axis and on the wall.
The kind of fluid plays an important role, both for the rheological behavior and the dielectric properties, while the physical properties are quite the same for all of them. On one hand, pseudo plastics having a flatter velocity profile than Newtonian fluids, can't fully balance the effect of Lambert's law. On the other hand, the dielectric properties, in particular dielectric loss, determinant for the absorbed heat, are different fluid by fluid. Such dielectric properties cause a lower difference in the absorbed heat between axis and wall in the case of tomato sauce, as it can be noticed in Table 2 .
As the ε' is quite the same for all the fluids, they absorb about the same quantity of energy from microwaves, but tomato sauce transforms the higher fraction of this energy into heat (Q converted ) by a higher value of ε'' and so it shows a higher average temperature. These results are resumed in Table 3 . 
Conclusions
In this paper, microwave heating of three liquid foods moving in a cylindrical duct with a laminar flow has been analyzed.
The multiphysics mathematical model considers the momentum and energy transport at unsteady state. The analysis has been achieved with the Finite Element Method solving the mathematical model with Comsol Results show that absorbed power has always a maximum on the axis, caused by the ratio R/r appearing in the radial contribution to the microwave heat source for a cylindrical geometry; however, near the wall of the tube a high quantity of absorbed heat has been found, in this case due to the long times of residence of the fluid inside the tube. The final result is a double pick of absorbed heat on the axis and on the wall; between the two opposite effects the term R/r overcomes the one due to the residence time.
In any case, the absorbed powers are almost equal for the three fluids because the dielectric constants ε' are of the same order of magnitude, whereas the fraction of this energy which is dissipated into heat is different in the three cases as the dielectric losses ε" are different.
The tomato sauce gives the higher average temperature and also the more uniform temperature distribution. 
